3D-interval-filament graphs  by Gavril, Fanica
Discrete Applied Mathematics 155 (2007) 2625–2636
www.elsevier.com/locate/dam
3D-interval-ﬁlament graphs
Fanica Gavril
Computer Science Department, Technion, Haifa 32000, Israel
Received 17 May 2004; received in revised form 10 July 2007; accepted 12 August 2007
Available online 24 September 2007
Abstract
Gavril [F. Gavril, Maximum weight independent sets and cliques in intersection graphs of ﬁlaments, Inform. Process. Lett. 73
(2000) 181–188] deﬁned two new families of intersection graphs: the interval-ﬁlament graphs and the subtree-ﬁlament graphs. The
complements of interval-ﬁlament graphs are the cointerval mixed graphs and the complements of subtree-ﬁlament graphs are the
cochordal mixed graphs. The family of interval-ﬁlament graphs contains the families of cocomparability, polygon-circle, circle and
chordal graphs.
In the present paper we introduce a generalization of the subtree-ﬁlament graphs, namely, the 3D-interval-ﬁlament graphs. We
prove that the family of 3D-interval-ﬁlament graphs, the family of complements of co(interval-ﬁlament) mixed graphs and the
family of overlap graphs of interval-ﬁlaments are the same, and show that every 3D-interval-ﬁlament graph has an intersection
representation by a family of piecewise linear ﬁlaments.We use the properties of these graphs to describe an algorithm for maximum
weight holes of a given parity in 3D-interval-ﬁlament graphs and an algorithm for antiholes of a given parity in interval-ﬁlament
and subtree-ﬁlament graphs.
We deﬁne various subfamilies of 3D-interval-ﬁlament graphs and characterize them as overlap graphs and as complements of
H-mixed graphs.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
We consider only ﬁnite graphs G(V,E) with no parallel edges and no self-loops, where V is the set of vertices
and E the set of edges. For U ⊆ V , G(U) is the subgraph induced by U. For F ⊆ E, G(V, F ) is the subgraph
on V with edge-set F. Two vertices connected by an edge are adjacent and we denote this by (u, v), without regard
for the orientation of the edge; coG(V , coE) is the complement of G where coE = {(u, v)|u = v, (u, v) /∈E}. A
directed edge from u to v is denoted by (u, v〉. We also denote NG(v) = {u|(u, v) ∈ E} and NG[v] = NG(v) ∪ {v}.
By a path p(v1, vk) = (v1, v2), . . . , (vk−1, vk) we always mean a simple path; p is induced if it has no chords. A hole
h(v1, vk) = (v1, v2), . . . , (vk, v1) is a chordless cycle with four or more vertices; co h is called an antihole. A subpath
of h, clockwise from vi to vj , is denoted by h(vi, vj ). A subset of V is a clique if every two of its vertices are adjacent.
Two sets intersect if they have a non-empty intersection and they overlap if they intersect and none is contained into
the other.
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A graph G is an intersection graph (overlap graph) of a family S of subsets of a set if there is a one-to-one
correspondence between the vertices of G and the subsets in S such that two vertices are adjacent iff their corre-
sponding subsets in S intersect (overlap, respectively). Intersection graphs and overlap graphs are of interest in var-
ious domains such as computer science, genetics and ecology [19,18]. Intersection graphs of intervals on a line,
subtrees on a tree and arcs on a circle are called interval, chordal and circular-arc graphs [10,9], respectively.
Overlap graphs of intervals on a line and subtrees on a tree [8,4] are called circle graphs and subtree overlap
graphs, respectively. An oriented graph G(V,E) is called transitive if it is acyclic and for every three vertices
u, v,w ∈ V, (u, v〉, (v, w〉 ∈ E implies (u,w〉 ∈ E [16,6]; its underlying undirected graph is called a comparability
graph.
A familyH of graphs is hereditary ifG(V,E) ∈ H impliesG(U) ∈ H for everyU ⊆ V . LetH be a hereditary family
of graphs. A graph H(V,E) is H-mixed [11] if its edge set can be partitioned into two disjoint subsets E1, E2 such
thatH(V,E1) ∈ H,H(V,E2) is transitive and for every three distinct vertices u, v,w if (u, v〉 ∈ E2 and (v,w) ∈ E1
then (u,w) ∈ E1. The letter H is generic and can be replaced by names of speciﬁc families. When we discuss an
H-mixed graph H(V,E1, E2), we assume that the partition E1, E2 is given. The families of intersection and overlap
graphs and the families of their complements are hereditary.
Gavril [11] deﬁned two new families of intersection graphs: the interval-ﬁlament graphs and the subtree-ﬁlament
graphs. The complements of interval-ﬁlament graphs are exactly the co(interval graphs) mixed graphs or, in short, the
cointerval mixed graphs [11]. The family of interval-ﬁlament graphs contains the cocomparability graphs [16] and
the polygon-circle graphs [17] which include the circular-arc, the circle trapezoid, the circle and the chordal graphs
[7–10]. The complements of subtree-ﬁlament graphs are the cochordal mixed graphs [11]. As proved recently [5], the
subtree-ﬁlament graphs are exactly the subtree overlap graphs.
In Section 3 of the present paper we introduce a new family of intersection graphs, the 3D-interval-ﬁlament graphs,
which are a generalization of the subtree-ﬁlament graphs. For this, we introduce in Section 2 a new deﬁnition of interval-
ﬁlaments different from, but equivalent to the deﬁnitions in [11,3], which will enable us to deﬁne containment between
interval-ﬁlaments. By the new deﬁnition, the union of two intersecting interval-ﬁlaments will be an interval-ﬁlament,
and this will remain true for 3D-interval-ﬁlaments. In Section 4, we prove that the family of 3D-interval-ﬁlament graphs,
the family of complements of co(interval-ﬁlament) mixed graphs and the family of overlap graphs of interval-ﬁlaments
are the same. We also prove that every 3D-interval-ﬁlament graph has a representation by a family of piecewise linear
ﬁlaments. In Section 5, we deﬁne various subfamilies of 3D-interval-ﬁlament graphs and characterize them as overlap
graphs and as complements of H-mixed graphs. Gavril [11] described a polynomial time algorithm to ﬁnd maximum
weight cliques inH-mixed graphs whenH has such an algorithm. Thus, we can ﬁnd maximumweight independent sets
in 3D-interval-ﬁlament graphs since their complements are co(interval-ﬁlament) mixed graphs and interval-ﬁlament
graphs have such an algorithm [11]. In Section 8, we give an example of a 3D-interval-ﬁlament graph which is not an
interval-ﬁlament graph.
The importance of these families of intersection graphs is that they have various applications; for example the chordal
graphs are used in many ﬁelds, more recently in analyses of phylogenetic data [1,18]. In addition, their properties
facilitate the discovery of efﬁcient algorithms. For example, the algorithm on interval-ﬁlament and subtree-ﬁlament
graphs for a maximum weight independent set [11] uses the transitive relation E2 while the algorithm for a maximum
weight induced matching [3] uses the property that the union of two intersecting interval-ﬁlaments can be redrawn as
an interval-ﬁlament. By our new deﬁnition, the union of two intersecting interval-ﬁlaments is also an interval-ﬁlament,
and Cameron’s result follows immediately. This being true also for 3D-interval-ﬁlaments, we obtain similar results:
in 3D-interval-ﬁlament graphs we can ﬁnd maximum weight induced subgraphs having connected components with
deﬁned properties and bounded size k, by ﬁnding a maximumweight independent set in the 3D-interval-ﬁlament graph
represented by ﬁlaments which are unions of k (or less) intersecting ﬁlaments.We obtain a maximum induced matching
when k = 2, the dissociation number [2] when k2, a maximum number of non-adjacent triangles when k = 3 and a
maximum induced forest with trees having at most k vertices.
The algorithms for maximum weight induced paths, maximum induced holes of a given parity, and maximum
dominating holes [12,13] use the property that once inside the region delimited by an interval-ﬁlament a, an induced
path cannot get out without intersecting a again. The algorithm in Section 6, below, for maximum weight holes of
a given parity in 3D-interval-ﬁlament graphs uses a similar property, but for simplicity, it is described for the more
general class of complements of H-mixed graphs. In Section 7, we describe an algorithm for antiholes of a given parity
in interval-ﬁlament and subtree-ﬁlament graphs.
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An algorithm for maximum independent sets in polygon–circle graphs was not known before, but as intersection
graphs of interval-ﬁlaments, such an algorithm is easy to describe [11]. Other polynomial time algorithms in interval-
ﬁlament and subtree-ﬁlament graphs were given for ﬁnding maximum weight cliques and maximum induced antiholes
[11,13]. Polynomial time algorithms for maximum independent sets and cliques in subtree overlap graphs were also
given in [4].
The above algorithms on the various families of 3D-interval-ﬁlament graphs do not require a representation by
intersecting 3D-ﬁlaments, but only the representation in the plane, of the intersection graphs on which they are based.
For example, the algorithms on subtree-ﬁlament graphs can use the representation of chordal graphs by subtrees on
clique-trees. Additional properties of 3D-interval-ﬁlament graphs are described in Section 8, which includes open
problems. Preliminary versions of this paper appear in [14,15].
2. A new deﬁnition of interval-ﬁlaments
In the 3D Euclidean space, consider the line L deﬁned by y = z = 0 and the plane PL deﬁned by z = 0; we assume
that L is drawn from left to right on a page representing PL. For an interval [l, r] ⊂ L, we deﬁne an interval-curve c
in PL as a continuous function c : [l, r] → R+ having c(l) = c(r) = 0; c(l) and c(r) are the endpoints of c. Clearly,
an interval-curve c starts and ends at the endpoints of the interval [l, r], and is contained between them. The union
aff =⋃c∈ff c of a family ff of interval-curves is continuous, if there is a path along aff between every two of its
points, or equivalently, if ff has an ordering ff = {c1, c2, . . . , ck} such that every ci intersects c1 ∪ c2 ∪ · · · ∪ ci−1. In
Fig. 1(a), c1 ∪ c2 ∪ c3 and c3 ∪ c5 are continuous, while c1 ∪ c4 and c3 ∪ c4 are not. When aff is continuous, aff
is called an interval-ﬁlament. Consider two interval-ﬁlaments a1, a2 deﬁned by families ff1, ff2 of interval-curves. We
say that: a1, a2 intersect if they have in common at least a point in PL; a1 is contained in a2, denoted by a1 ⊂ a2, if
ff1 ⊂ ff2; a1, a2 overlap if a1, a2 intersect and none is contained in the other. In Fig. 1(a), the ﬁlaments a(v)= c1 ∪ c2,
a(r) = c3 ∪ c5 intersect and overlap, the ﬁlaments a(v) = c1 ∪ c2, a(e) = c2 intersect and a(e) is contained in a(v).
Clearly, the union of two intersecting interval-ﬁlaments is an interval-ﬁlament. A point x ∈ L is called an endpoint of
an interval-ﬁlament aff if and only if it is an endpoint of exactly one interval-curve in ff.
Consider a family I of intervals on a line L and let V = {v|i(v) ∈ I } be a vertex set. In the plane PL containing
L, above L, we consider for each interval i(v) ∈ I an interval-ﬁlament a(v) (Fig. 1(a)); FI = {a(v)|i(v) ∈ I } is a
family of interval-ﬁlaments, its intersection graph GA(V ,E) is an interval-ﬁlament graph and its overlap graph is an
interval-ﬁlament overlap graph.
Lemma 1. The family of interval-ﬁlament graphs by the present deﬁnition of interval-ﬁlaments is the same as the
family of interval-ﬁlament graphs in [11], being the family of complements of cointerval-mixed graphs.
Proof. Let GA(V ,E) be the complement of a cointerval-mixed graph. By the proof of Theorem 3 in [11], GA(V ,E) is
an intersection graph of a family of interval-ﬁlaments FI, such that every interval-ﬁlament in FI is an arc with spikes.
Hence, every interval-ﬁlament in FI has exactly one interval-curve and is an interval-ﬁlament also by the present
deﬁnition. Note that every interval-curve in FI can be drawn piecewise linear.
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Fig. 1. A family FI of interval-ﬁlaments with interval-curves c1 = (y1, x2, x3, x4, x5, y9), c2 = (y3, x1, y5), c3 = (y6, x3, x4, y8), c4 = (y2, x6, y4),
c5 = (y7, x7, x8, y8) and interval-ﬁlaments a(v) = c1 ∪ c2, a(e) = c2, a(u) = c4, a(t) = c3, a(r) = c3 ∪ c5; GA is its intersection graph.
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Fig. 2. The family of interval-ﬁlaments obtained from the family FI in Fig. 1(a) with algorithm ADJUST(FI); a(e) ⊂ a(v), a(t) ⊂ a(r).
Conversely, let GA(V ,E) be an interval-ﬁlament graph of a family of interval-ﬁlaments FI based on the present
deﬁnition of interval-ﬁlaments. The edge set coE={(u, v)|a(u)∩a(v)=} of its complement coGA(V , coE) can be
partitioned into two disjoint subsetsE1={(u, v)|i(u)∩i(v)=} andE2={(u, v〉|i(u) ⊂ i(v) and a(u)∩a(v)=}. The
graph coGA(V ,E1) is the complement of an interval graph. The graph coGA(V ,E2) is transitive since (u, v〉, (v, w〉 ∈
E2 implies i(u) ⊂ i(v) ⊂ i(w), a(u) ∩ a(v) = , a(v) ∩ a(w) = , hence a(u) ∩ a(w) =  and (u,w〉 ∈ E2, since
a(u) is contained in the area delimited by a(v) ∪ i(v). Let u, v,w be three distinct vertices such that (w, v〉 ∈ E2
and (u, v) ∈ E1; then, i(w) ⊂ i(v) and i(u) ∩ i(v) = , implying that i(w) ∩ i(u) =  and (w, u) ∈ E1. Thus,
coGA(V , coE) is a cointerval mixed graph [11]. 
The present deﬁnition for interval-ﬁlaments will enable us to deﬁne the 3D-interval-ﬁlament graphs, and to prove
that the family of 3D-interval-ﬁlament graphs, the family of complements of co(interval-ﬁlament) mixed graphs and the
family of interval-ﬁlament overlap graphs are the same. For this, it is necessary that the family FI of interval-ﬁlaments
fulﬁlls that no point x ∈ L is an endpoint of two interval-ﬁlaments, the two extreme points on L of an interval-ﬁlament
are also two of its endpoints and the intersection of every two interval-ﬁlaments is a curve. We transform any given
family FI into such a family by algorithm ADJUST(FI) below.W.l.o.g. we assume that every interval-curve composing
the interval-ﬁlaments of FI has only its endpoints on L.
Algorithm ADJUST(FI). Let H(V, F ) be the graph deﬁned by V = {v|a(v) ∈ FI} and F = {(u, v〉|a(u) ⊂ a(v)}.
The graphH(V, F ) is transitive: we label a source vertex by v1, eliminate it and continue labeling the remaining vertices
with v2 to vn by eliminating sources. We obtain an ordering of V in which (vi, vj 〉 ∈ F implies i < j . Consider a point
y ∈ Lwhich is an endpoint of more than one interval-ﬁlament (points y3, y5, y6, y8 in Fig. 1(a)), or is an extreme point
of an interval-ﬁlament, without being one of its endpoints (point y8 of a(r) in Fig. 1(a)). Let FIy = {a(v)|a(v) ∈ FI,
y ∈ a(v) ∩ L}. On L, we denote |FIy | points {wi} at the left of y and |FIy | points {zi} at the right of y, starting with
w1 = z1 = y, at small distances from y, such that: [wi, y], [y, zi] do not intersect interval-ﬁlaments in FI–FIy , every
pair wi, zi corresponds to an a(vi) ∈ FIy , the points are ordered from y to the left and right by the ordering of V . For
each interval-ﬁlament a(vi) ∈ FIy we add to a(vi) the two segments [wi, y], [y, zi]; in Fig. 2 we see the segments
added to a(v), a(e) at y3, y5, and the segments added to a(r), a(t) at y6, y8. By the construction, the intersection and
containment relationships do not change, since (vi, vj 〉 ∈ F implies i < j and [wi, zi] ⊂ [wj , zj ]. Now, for every two
intersecting interval-ﬁlaments a(u), a(v) such that a(u)∩a(v) does not contain a curve we take a point z ∈ a(u)∩a(v)
(Fig. 1(a)) and expand z into a small curve [z, z′] in PL parallel to L (Fig. 2); we redeﬁne every interval-ﬁlament
containing z by letting it enter z from its left, as before, continuing on [z, z′] and continuing from z′ to its right, as it
did before from z; the intersection and containment relationships in FI do not change. The newly deﬁned family of
interval-ﬁlaments fulﬁls that no two interval-ﬁlaments have a common endpoint, every interval-ﬁlament is delimited
in PL by its two extreme endpoints and the intersection of every two interval-ﬁlaments is a curve.
3. Deﬁnition of the 3D-interval-ﬁlament graphs
We introduce now the 3D-interval-ﬁlament graphs, which are a generalization of the subtree-ﬁlament graphs. Let
GA(V ) be the intersection graph of a family of interval-ﬁlaments FI={a(v)|v ∈ V } on a family of intervals I on a line
L in a plane PL; w.l.o.g. assume that GA is a connected graph.We applyAlgorithm ADJUST(FI) to obtain a new family
of interval-ﬁlaments with the same intersection and containment relationships, fulﬁlling that no two interval-ﬁlaments
have a common endpoint, every interval-ﬁlament a(v) is delimited in PL by its two extreme endpoints on L and the
intersection of every two interval-ﬁlaments is a curve. Let PP be a surface perpendicular to PL whose intersection with
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Fig. 3. A family of 3D-interval-ﬁlaments (a), based on Fig. 2, and its intersection graph G in (b); the dashed edges in (b) show the containment
relationship. The ﬁlaments f (u), f (e), f (t) are in PQ1, while f (v), f (r) are in PQ2 connected by narrow lines to their endpoints in L. The spikes
of f (u), f (t), f (r) are narrow dashed lines.
PL is exactly ∪{a(v)|a(v) ∈ FI}. For every interval-ﬁlament a(v) ∈ FI, let PP(a(v)) denote the subsurface of PP
whose intersection withPL is exactly a(v). InPP(a(v)), abovePL, we connect all the endpoints of a(v) by a continuous
function f (v) : a(v) → R+ called a 3D-interval-ﬁlament, such that if a(u), a(v) overlap, the two ﬁlaments f (u), f (v)
intersect, if a(u), a(v) are disjoint, the two ﬁlaments f (u), f (v) do not intersect, and if a(u) ⊂ a(v), the two ﬁlaments
f (u), f (v) may or may not intersect. The intersection graph G(V,E) of a family FF = {f (v)|v ∈ V } of 3D-interval-
ﬁlaments on FI is called a 3D-interval-ﬁlament graph. Clearly, the union of two intersecting 3D-interval-ﬁlaments is
a 3D-interval-ﬁlament. In Fig. 3 we see a family FF based on the family FI of Fig. 2: f (v), f (r) are drawn as the
intersections of PP(a(v)), PP(a(r)) with a plane PQ2 (above PL) connected by narrow lines to their endpoints in L;
f (e)= PP(a(e))∩ PL is in PP(a(e)) ⊂ PP(a(v)) since a(e) ⊂ a(v); f (u) is drawn as PP(a(u))∩ PL with a spike in
PP([z, z′]) ⊂ PP(a(v)) ∩ PP(a(u)) to intersect f (v).
For an intersection graph G(V,E) of a family FF of 3D-interval-ﬁlaments, we denote by i(v), a(v) and f (v) the
interval, the interval-ﬁlament and the 3D-interval-ﬁlament corresponding to a vertex v of G. To every 3D-interval-
ﬁlament f (v) corresponds the region s(v) in PP(a(v)) delimited by f (v) ∪ a(v).
Lemma 2. The complement of a 3D-interval-ﬁlament graph is a co(interval-ﬁlament) mixed graphs.
Proof. Let G(V,E) be the intersection graph of a family FF = {f (v)|v ∈ V } of 3D-interval-ﬁlaments based on a
family FI of interval-ﬁlaments. The edge set coE ={(u, v)|f (u)∩ f (v)=} of coG(V , coE) can be partitioned into
two disjoint subsetsE1={(u, v)|a(u)∩a(v)=} andE2={(u, v〉|a(u) ⊂ a(v) and f (u)∩f (v)=}. The complement
of coG(V ,E1) is the intersection graph of FI. The graph coG(V ,E2) is transitive since (u, v〉, (v, w〉 ∈ E2 implies
a(u) ⊂ a(v) ⊂ a(w) and f (u) ∩ f (v) = , f (v) ∩ f (w) = , i.e., s(u) ⊂ s(v) ⊂ s(w), hence f (u) ∩ f (w) = 
and (u,w〉 ∈ E2. Let u, v,w be three distinct vertices such that (w, v〉 ∈ E2 and (u, v) ∈ E1; then, a(w) ⊂ a(v)
and a(u) ∩ a(v) = , implying that a(w) ∩ a(u) =  and (w, u) ∈ E1. Thus, coG(V , coE) is a co(interval-ﬁlament)
mixed graph. 
Consider an interval-ﬁlament graphGA and a graphGwhose complement coG(V ,E1, E2) is a co(interval-ﬁlament)
mixed graph having GA as the complement of coG(V ,E1). Not every representation FI of GA can be used as a base to
construct a family of 3D-interval-ﬁlaments representing G. For example, if (u, v〉 ∈ E2 and a(u), a(v) ∈ FI intersect,
but are not contained one in another, the corresponding 3D-interval-ﬁlaments f (u), f (v) cannot be constructed since
we must have PP(a(u)) ⊂ PP(a(v)) and s(u) ⊂ s(v). In Lemma 3 we prove that for each such pair (u, v〉 ∈ E2, we
can replace a(v) by a(u)∪a(v)without changing the intersection relationship in FI: after the replacement, PP(a(u)) ⊂
PP(a(v)), a(u) ⊂ a(v) and we will be able (Theorem 4) to construct the 3D-interval-ﬁlaments f (v), f (u).
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Lemma 3. Let coG(V ,E1, E2) be a co(interval-ﬁlament) mixed graph where the complement GA(V , coE1) of
coG(V ,E1) is an intersection graph of a family FI = {a(v)|v ∈ V } of interval-ﬁlaments on a line L.
(a) If (u, v〉 ∈ E2, then NGA[u] ⊆ NGA[v] and a(v) can be replaced in FI by a(u) ∪ a(v) without the intersection
relationship being changed.
(b) There exists an intersection representation of GA by a family of interval-ﬁlaments such that (u, v〉 ∈ E2 implies
a(u) ⊂ a(v).
Proof. (a) If (u, v〉 ∈ E2, then (u, v) ∈ coE1 and u ∈ NGA[v]. Assume that there is a vertex w ∈ NGA[u] −NGA[v],
that is, (w, u) ∈ coE1 and (w, v) /∈ coE1; hence (w, v) ∈ E1. But (w, v) ∈ E1 and (u, v〉 ∈ E2 implies, by the
deﬁnition of co(interval-ﬁlament) mixed graphs, that (w, u) ∈ E1 contradicting the assumption that (w, u) ∈ coE1.
Thus, NGA[u] ⊆ NGA[v] and a(v) can be replaced in FI by a(u) ∪ a(v) without the intersection relationship being
changed.
(b) The graph coG(V ,E2) is transitive, and by going from its sources to its sinks and replacing a(v) by a(u)∪ a(v)
whenever (u, v〉 ∈ E2, we obtain an intersection representation of GA(V , coE1) in which (u, v〉 ∈ E2 implies
a(u) ⊂ a(v). 
Lemma 3 is true also for interval-ﬁlaments of speciﬁc typeswhich are preserved under union of intersecting elements:
the union of two intervals on a line is an interval, the union of two subtrees of a tree is a subtree and the union of two
interval-ﬁlaments is an interval-ﬁlament. The union of two intersecting polygons in a circle may not be a polygon, but
since the polygon–circle graphs are equivalent to the spider graphs, the union of two polygons can be replaced by the
convex hull of the two polygons, without changing the intersection relationship [3]. A graph is a polygon–circle graph
iff it is an intersection graph of a family of polygonal ﬁlaments on a line [11], implying that the polygon–circle graphs
are interval-ﬁlament graphs; using Cameron’s result, a representation by polygonal ﬁlaments satisfying Lemma 3 can
be obtained.
4. Characterization of 3D-interval-ﬁlament graphs
In Theorem 4, below, we characterize the 3D-interval-ﬁlament graphs and show how to construct representations by
families of piecewise linear 3D-interval-ﬁlaments.
Thoerem 4. Consider a graph G(V,E). The following statements are equivalent:
(i) the complement of G is a co(interval-ﬁlament) mixed graph;
(ii) G is a 3D-interval-ﬁlament graph with a representation by a family of piecewise linear ﬁlaments;
(iii) G is an interval-ﬁlament overlap graph.
Proof. (i) → (ii):Assume thatG is connected and let the complement coG(V ,E1, E2) ofG be a co(interval-ﬁlament)
mixed graph such that coG(V ,E2) is a transitive graph and coG(V ,E1) is the complement of an interval-ﬁlament
graph GA with a representation as an intersection graph of a family FI = {a(v)|v ∈ V } of interval-ﬁlaments on a line
L in a plane PL. By the proof of Lemma 1, we can assume that each interval-ﬁlament is a piecewise linear interval-
curve. In FI we replace every a(v) by the union of a(v) and ∪{a(u)|(u, v〉 ∈ E2}; by Lemma 3, the intersection
relationship in FI does not change. Thus, we can assume that (u, v〉 ∈ E2 implies a(u) ⊂ a(v). We apply now
ADJUST(FI). The result (Fig. 2) is a family of piecewise linear interval-ﬁlaments FI satisfying that (u, v〉 ∈ E2 implies
a(u) ⊂ a(v), no two interval-ﬁlaments have a common endpoint, every interval-ﬁlament is contained in PL between
its two extreme endpoints and every two intersecting interval-ﬁlaments a(u), a(v) have a curve cu,v in common. The
graph coG(V ,E2) is transitive: let V1 be the set of sources of coG(V ,E2) and recursively let Vj be the set of sources
of coG(V − (V1 ∪ · · · ∪ Vj−1), E2); in the graph G in Fig. 3(b) we have V1 = {e, u, t}, V2 = {v, r}. The subgraphs
coG(Vj ,E1, E2) have no E2 edges, thus the subgraphs G(Vj ) are interval-ﬁlament graphs.
Let PP be the surface perpendicular to PL whose intersection with PL is ∪{a(v)|a(v) ∈ FI}. We denote PQ1 = PL
and for every Vj , j > 1, we construct above PL a plane PQj parallel to PL, the planes PQj ordered from PL by j.
For every j and every v ∈ Vj , we consider the intersection between PQj and PP(a(v)) which is in fact the projection
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b(v) of a(v) on PQj . We connect in PP(a(v)) the endpoints of b(v) to the endpoints of a(v), with linear segments
perpendicular to PL, denoting by f (v) the 3D-interval-ﬁlament composed of b(v) and the connecting segments (Fig.
3(a)). By the construction, for two 3D-interval-ﬁlaments f (u), f (v), if (u, v〉 ∈ E2, then the plane PQi containing
b(u) is between the planes PQj containing b(v) and PL, a(u) ⊂ a(v) and f (u) is contained in the region s(v) of
PP(a(v)) delimited by f (v) ∪ a(v).
Now, consider a pair of adjacent vertices u, v ofG such that f (u), f (v) do not intersect yet; this happenswhen u ∈ Vi ,
v ∈ Vj and i < j (ﬁlaments f (u), f (v) or ﬁlaments f (t), f (v) in Fig. 3). In this case either s(u) ⊂ s(v) or s(u), s(v)
overlap, and the intersection of a(u), a(v) contains cu,v (in Fig. 3 cu,v = [z, z′], ct,v = [x3, x4]), while on the common
surface PP(a(u))∩PP(a(v)) f (v) is above f (u). For every such pair f (u), f (v), one pair at a time, we pick a point in
f (u), on PP(cu,v), and stretch it in a spike to reach above and intersect f (v) (ﬁlaments f (u), f (v) and f (t), f (v) in
Fig. 3). Also, for every ﬁlament f (w) met on the way such that (u,w〉 ∈ E2 (implying s(u) ⊂ s(w)) we stretch it also
in a spike (ﬁlaments f (r) in Fig. 3, since f (t) is stretched above f (v)), such that no intersections between the spikes of
f (u), f (w) and the spikes of two distinct f (w)’s occur; thus, we obtain that f (v)∩ f (w) = . Let us prove that w, v
are adjacent inG.Assume that the verticesw, v are adjacent in coG(V ,E1, E2). Since a(w)∩a(v) = , it follows that
(w, v) /∈E1; thus, (w, v) ∈ E2 and a(v) ⊂ a(w) or a(w) ⊂ a(v). By the construction, the spike of f (u) meets f (w)
before f (v) implying that a(w) ⊂ a(v). Hence (w, v〉 ∈ E2 and by the transitivity ofE2, (u,w〉, (w, v〉 ∈ E2 implies
(u, v〉 ∈ E2, in contradiction to the assumption that u, v are not adjacent in coG(V ,E1, E2). By the construction,
every ﬁlament f (v) is piecewise linear.
Let us prove that G(V,E) is the intersection graph of the above family of 3D-interval-ﬁlaments {f (u)} with the
spikes. Consider two adjacent vertices u, v of G; hence (u, v) /∈E1 ∪ E2, implying (u, v) ∈ coE1. Thus, both when
a(u), a(v) overlap or a(u) ⊂ a(v), the 3D-interval-ﬁlaments f (u), f (v) intersect, by the construction of the spikes.
Consider now two non-adjacent vertices u, v of G; thus (u, v) ∈ E1 ∪ E2. If (u, v) ∈ E1, i.e., a(u) ∩ a(v) = ,
then by the above construction f (u), f (v) do not intersect. Otherwise, (u, v〉 ∈ E2 and a(u) ⊂ a(v). Assume that
f (u) ∩ f (v) = . This could appear only during the construction of the spike of a ﬁlament f (w) to a ﬁlament f (t),
when (w, u〉 ∈ E2 and a(w) ⊂ a(u). But, by the transitivity ofE2, we have (w, v〉 ∈ E2, thus f (v)was also stretched
together with f (w) and f (u) to have a spike above the spikes of f (u) and f (w) to intersect f (t), implying that f (u)
and f (v) do not intersect, which is a contradiction. Therefore, G is the intersection graph of the family {f (u)} of
3D-interval-ﬁlaments.
(ii) → (iii): Let G(V,E) be a 3D-interval-ﬁlament graph with an intersection representation based on a family
FI = {a(v)|v ∈ V } of interval-ﬁlaments on a line L in a plane PL. By the proof of (i) → (ii), we can assume that
no two interval-ﬁlaments in FI have a common endpoint. We draw a line L′ in PL, below and parallel to L. For every
interval-ﬁlament a(v) ∈ FI we connect every endpoint of a(v) in L, by a perpendicular segment, to a point in L′ and
add these segments to a(v). Now, we deﬁne a new family of interval-ﬁlaments FI′ = {a′(vi)|vi ∈ V } relative to L′,
where a′(vi) is obtained by adding to a(vi) the segments added to a(vi) and to every a(vj ) fulﬁlling (vj , vi〉 ∈ E2; note
that if (vk, vj 〉, (vj , vi〉 ∈ E2 then (vk, vi〉 ∈ E2, by the transitivity of E2, and the segments added to a(vk) are added
to both a(vj ) and a(vi). For two vertices vi, vj of G, (vi, vj ) ∈ E iff: either a(vi), a(vj ) overlap thus a′(vi), a′(vj )
overlap, or a(vi) ⊂ a(vj ) and (vi, vj 〉 /∈E2 in which case the original segments added to a(vi) and to a(vj ) are distinct
and a′(vj ), a′(vi) again overlap. Therefore, G is the interval-ﬁlament overlap graph of FI′. This proof was inspired by
the proof used in [5] to show that the subtree ﬁlament graphs are exactly the subtree overlap graphs.
There is also a direct proof that (ii) → (iii). LetGA be the interval-ﬁlament graphwhose complement is coG(V ,E1).
By the proof of Theorem 3 in [11], GA is an intersection graph of a family of interval-ﬁlaments FI with no common
endpoints, every interval-ﬁlament being an arcwith spikes. Thus, every two intersecting interval-ﬁlaments inFI overlap.
We replace every a(v) by the union of a(v) and ∪{a(u)|(u, v〉 ∈ E2}; by Lemma 3, the intersection relationship in
FI does not change. Thus, (u, v〉 ∈ E2 iff a(u) ⊂ a(v), implying that G is the interval-ﬁlament overlap graph of the
new FI.
(iii) → (i): Let G(V,E) be an interval-ﬁlament overlap graph with a representation as an overlap graph of a family
FI={a(v)|v ∈ V } of interval-ﬁlaments on a line L in a plane PL. The edge set coE of coG(V , coE) can be partitioned
into two disjoint subsets E1= {(u, v)|a(u)∩ a(v)=} and E2= {(u, v〉|a(u) ⊂ a(v)}. The graph coG(V ,E1) is the
complement of the interval-ﬁlament graph deﬁned by FI. The graph coG(V ,E2) is transitive since (u, v〉, (v, w〉 ∈ E2
implies a(u) ⊂ a(v) ⊂ a(w) and (u,w〉 ∈ E2. Let u, v,w be three distinct vertices such that (w, v〉 ∈ E2 and
(u, v) ∈ E1; then, a(w) ⊂ a(v) and a(u) ∩ a(v) = , implying that a(w) ∩ a(u) =  and (w, u) ∈ E1. Thus,
coG(V , coE) is a co(interval-ﬁlament) mixed graph. 
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5. Other families of 3D-ﬁlament and overlap graphs
In this section we discuss various subfamilies of 3D-interval-ﬁlament graphs and characterize them as overlap graphs
and as complements of H-mixed graphs.
Reference [16] provedwithout details, that a cocomparability graph is an intersection graph of piecewise linear curves
between two parallel lines. In fact, this can be seen as follows: given a transitive graph coGA, we label a source vertex
by v1, eliminate it and continue labeling the remaining vertices with v2 to vn by eliminating sources. We draw n= |V |
parallel linear segments between two vertical parallel lines, and label them down-upwith a(v1) to a(vn).We pick a point
on a(v1) and stretch it into a spike, above the highest segment a(vi) fulﬁlling (v1, vi) ∈ GA. Also, for every segment
a(vj ) met on the way, fulﬁlling (v1, vj ) /∈GA, we stretch also a(vj ) in a spike, such that no intersections between the
spikes of a(v1) and a(vj ) occur. The intersections added are between a(vk) and a(vj ), where a(vk) is not stretched
with a spike since (v1, vk) ∈ GA. Assume (vk, vj ) /∈GA. Therefore (vj , vk〉 ∈ coGA and (v1, vj 〉, (vj , vk〉 ∈ coGA,
implying (v1, vk〉 ∈ coGA by transitivity, in contradiction to the assumption that (v1, vk) ∈ GA.
Consider a cocomparability graph GA and its representation as a family FI of curves [16] between two vertical
parallel segments L1, L2 in a plane PL, each curve starting in L1 and ending in L2; every two intersecting curves in
FI overlap. The family FI can be transformed into a family of interval-ﬁlaments by collapsing two opposite endpoints
of L1, L2, into a point x and straightening L1, L2 into a line L [11]. Thus we can deﬁne the 3D-cocomparability
ﬁlament graphs as the 3D-interval-ﬁlament graphsG(V,E) having a cocomparability graph GA as the complement of
coG(V ,E1); their complements are the comparability mixed graphs. Note that a 3D-interval-ﬁlament graph G(V,E)
of a family of interval-ﬁlaments, each having endpoints on both sides of a given point x of L, is a 3D-cocomparability
ﬁlament graph since GA is a cocomparability graph. We can deﬁne an equivalent family of overlap graphs, called
cocomparability overlap graphs, as follows: we deﬁne a ﬁlament as the union of curves in a family ff fulﬁlling that⋃
c∈ff c is continuous. We replace every curve a(v) ∈ FI by the union of a(v) and ∪{a(u)|(u, v〉 ∈ E2}; by Lemma 3,
the intersection relationship in FI does not change. Thus, (u, v〉 ∈ E2 iff a(u) ⊂ a(v), implying that G is the overlap
graph of the new FI.
Similarly for permutation graphs: a graph GA is a permutation graph [6] iff both GA and coGA are comparability
graphs iff GA is an intersection graph of linear segments between two vertical parallel segments L1, L2. We deﬁne a
ﬁlament as the union of linear segments in a family ff fulﬁlling that ⋃c∈ff c is continuous. As above, we can deﬁne
3D-interval-ﬁlament graphs for permutation graphs, called 3D-permutation ﬁlament graphs (copermutation graphs are
permutation graphs [6]) and the equivalent permutation overlap graphs.
Given a polygon–circle graphGA, we can deﬁne 3D-interval-ﬁlament graphsG(V,E) havingGA as the complement
of coG(V ,E1), called 3D-polygon–circle ﬁlament graphs using families of polygonal ﬁlaments on a line obtained from
polygons in a circle [11]. As above, we can deﬁne the equivalent family of polygon–circle overlap graphs: we replace
every polygon a(v) ∈ FI by the polygon deﬁned as the convex hull of the endpoints of {a(v)} ∪ {a(u)|(u, v〉 ∈ E2}, as
described in [3]. By Lemma 3, the intersection relationship in FI does not change. Thus, (u, v〉 ∈ E2 iff a(u) ⊂ a(v),
implying that G is the overlap graph of the new FI.
Consider [11] a circular-arc-ﬁlament graph GA(V ,E) of a family {a(v)} of arc-ﬁlaments based on a family of arcs
in a circle such that no two arcs cover the circle and NG(u) ⊆ NG(v) implies a(u) ⊂ a(v). Similarly, we can deﬁne
3D-circular-arc-ﬁlaments, 3D-circular-arc-ﬁlament graphs, and the equivalent family of circular-arc-ﬁlament overlap
graphs.
As in Theorem 3, it can be proved that:
Corollary 5. Consider a graph G(V,E). The following statements are equivalent:
(i) the complement of G is a comparability mixed graph;
(ii) G is a 3D-cocomparability ﬁlament graph;
(iii) G is a cocomparability overlap graph.
Corollary 5 is true also when we replace in (i) “comparability” by “permutation” or “co(circular-arc ﬁlament)” or
“co(polygon-circle)” and we replace in (ii)–(iii) “cocomparability” by “permutation” or “circular-arc” or “polygon
circle”, respectively.
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6. Holes of given parity in 3D-interval-ﬁlament graphs
In the present section we describe an algorithm for maximum weight holes of a given parity in interval-ﬁlament
graphs. For simplicity, the algorithm is described for the more general class of complements of H-mixed graphs.
Consider a graphG(V,E) such that coG(V ,E1, E2) is anH-mixed graph; denote byGA(V , coE1) the complement
of coG(V ,E1). When G is a 3D-interval-ﬁlament graph, GA(V , coE1) is an interval-ﬁlament graph.
Lemma 7. Let p(v1, vk) be an induced path in G and consider some i, 1 ik − 2. If (vi, vk〉 ∈ E2, then for every
vj , 1jk − 2, we have (vj , vk〉 ∈ E2.
Proof. Assume that (vi, vk〉 ∈ E2. By the deﬁnition of theH-mixed graphs, we cannot have (vi+1, vk) ∈ E1, since this
would imply (vi, vi+1) ∈ E1 and (vi, vi+1) /∈E. Thus, (vi+1, vk〉 ∈ E2; and so on, for every vertex vj , 1jk − 2,
to the right and left of vi in p. 
Lemma 8. Any hole h(v1, vk) of G, which is not a hole of GA(V , coE1), has two non-adjacent vertices vi, vj such
that (vi, vj 〉 ∈ E2 and has no three vertices vi, vj , vk such that (vi, vj 〉, (vj , vk〉 ∈ E2.
Proof. A hole h(v1, vk) of G has all its edges in E ⊆ coE1. If h is not a hole of GA(V , coE1), then h has a chord in
coE1 = E ∪ E2; the chord must be in E2 since h is a hole of G. Thus, h has two non-adjacent vertices vi, vj such
that (vi, vj 〉 ∈ E2. Assume that h has three vertices vi, vj , vk such that (vi, vj 〉, (vj , vk〉 ∈ E2; w.l.o.g. assume that
i < k < j . But, Lemma 7 applied to (vi, vj 〉 ∈ E2 and the path p(vi, vj ) imply that for every vr ∈ p(vi, vj−2), we
have (vr , vj 〉 ∈ E2, hence (vk, vj 〉 ∈ E2, contradicting (vj , vk〉 ∈ E2. 
Lemma 9. Consider a hole h(v1, vk) of G. Then, either h is a hole of GA(V , coE1) or h has a vertex vi such that for
every vj ∈ h(vi+2, vi−2), we have (vj , vi〉 ∈ E2 and h(vi+2, vi−2) is an induced path of GA(V , coE1).
Proof. Assume that h is not a hole ofGA(V , coE1); hence, by Lemma 8, h has two non-adjacent vertices vi, vr such that
(vr , vi〉 ∈ E2. Thus, by Lemma 7 applied to the path h(vi+2, vi), for every vj ∈ h(vi+2, vi−2), we have (vj , vi〉 ∈ E2.
By Lemma 8, there are no E2 edges between non-adjacent vertices in h(vi+2, vi−2), thus h(vi+2, vi−2) is an induced
path of GA(V , coE1). 
Lemma 10. A hole h of GA(V , coE1) has no E2 edges and is a hole of G. An induced path p(v1, vk) of GA(V , coE1)
can have only its ﬁrst and last edges in E2: (v1, v2〉, (vk, vk−1〉 ∈ E2.
Proof. Leth(v1, vk) be a hole ofGA(V , coE1) and assume (v1, v2〉 ∈ E2. Since v2, vk are not adjacent inGA(V , coE1)
it follows that (v2, vk) ∈ E1, and by the deﬁnition of H-mixed graphs it follows that (v1, vk) ∈ E1, contradicting the
fact that h(v1, vk) is a hole of GA(V , coE1). Therefore h has no E2 edges and is a hole of G.
Let p(v1, vk) be an induced path of GA(V , coE1) and assume that (vi, vi+1〉 ∈ E2 for some i, 2 ik − 1.
Since vi−1, vi+1 are not adjacent in GA(V , coE1) it follows that (vi−1, vi+1) ∈ E1; hence, by the deﬁnition of H-
mixed graphs it follows that (vi, vi−1) ∈ E1, contradicting the fact that (vi, vi−1) ∈ p(v1, vk) ⊂ coE1. Similarly, if
(vi+1, vi〉 ∈ E2, 1 ik − 2. Therefore p(v1, vk) can have only its ﬁrst and last edges in E2, with the orientation
(v1, v2〉, (vk, vk−1〉 ∈ E2. 
Consider a hereditary family of graphs GA, having a polynomial time algorithm to ﬁnd a maximum weight induced
path of a given parity between two vertices; this implies that GA also has a polynomial time algorithm to ﬁnd a
maximum weight hole of a given parity. The algorithm to ﬁnd a maximum weight hole h(v1, vk) of a given parity in the
complementG of anH-mixed graph coG(V ,E1, E2), havingGA(V , coE1) ∈ GA, works as follows: by Lemmas 9 and
10, either h is a hole of GA(V , coE1), to be found directly, or h has a vertex vi such that for every vj ∈ h(vi+2, vi−2),
(vj , vi〉 ∈ E2 and h(vi+2, vi−2) is an induced path of GA(V , coE1). We take every vertex of G as candidate for
vi of h, every two non-adjacent vertices in NG(vi) as candidates for vi−1, vi+1 and every v ∈ NG(vi−1) − NG[vi],
w ∈ NG(vi+1)−NG[vi] as candidates for vi−2, vi+2. In GA((V −NG[vi, vi−1, vi+1])∪{vi−2, vi+2}, coE1)we ﬁnd a
maximumweight induced path of the needed parity from vi+2 to vi−2 requesting that its ﬁrst and last edges (vi+2, vi+3)
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and (vi−3, vi−2) are in G and not in E2. The algorithm works in time O(|V |5|V |c) where O(|V |c) is the time needed
to ﬁnd a maximum weight induced path of a given parity in GA(V , coE1).
When G is a 3D-interval-ﬁlament graph, GA(V , coE1) is an interval-ﬁlament graph. By Lemmas 9 and 10, a
hole h(v1, vk) of G, either is a hole of GA(V , coE1), to be found directly, or h has a vertex vi such that for every
vj ∈ h(vi+2, vi−2), (vj , vi〉 ∈ E2 and h(vi+2, vi−2) is an induced path of GA(V , coE1) with no ﬁrst and last edge in
E2. Since the family of interval-ﬁlament graphs has an O(|V |12) polynomial time algorithm to ﬁnd a maximum weight
induced path of a given parity between two vertices [12], the algorithm ﬁnds a maximum weight hole of a given parity
in 3D-interval-ﬁlament graphs in O(|V |17) time.
When G is an interval-ﬁlament graph, GA(V , coE1) is an interval graph; interval graphs have no holes. Thus, by
Lemmas 9 and 10 (see also [13]), a hole h(v1, vk) ofG has a vertex vi such that for every vj ∈ h(vi+2, vi−2) there exists
a(vj ) ∩ a(vi) = , i(vj ) ⊂ i(vi), and h(vi+2, vi−2) is an induced path of GA(V , coE1) with i(vi+2) /⊂ i(vi+3) and
i(vi−2) /⊂ i(vi−3). A maximum weight induced path of a given parity in an interval graph can be found in O(|V |) time
[13], hence a maximum weight induced hole of a given parity in G can be found in O(|V |6) time. A similar O(|V |6)
time algorithm exists for subtree-ﬁlament graphs G, since GA(V , coE1) is an intersection graph of subtrees in a tree
T, i.e., it is a chordal graph having no holes, and a maximum induced path of a given parity between u, v ∈ GA is
an induced path in the interval graph deﬁned by the intersections of the subtrees with the unique path in T from t (u)
to t (v).
7. Antiholes of given parity in interval-ﬁlament and subtree-ﬁlament graphs
We consider now the problem of ﬁnding a hole h(v1, vk) of a given parity in the complement coG(V ,E1, E2) of a
3D-interval-ﬁlament graph G(V,E). The co(interval-ﬁlament) graph coG(E1) has a partition of its edge set E1 into
E11 corresponding to pairs of non-intersecting interval-ﬁlaments having disjoint intervals and E12 corresponding to
pairs of non-intersecting interval-ﬁlaments having intervals contained one in another. If h has an edge (v1, vk) ∈ E11,
then i(v1) ∩ i(vk) =  and for a point x ∈ L between i(v1), i(vk), every 3D-interval-ﬁlament f (vi), 2< i <k − 1,
intersects both f (v1), f (vk) (since (v1, vi), (vk, vi) ∈ E) having endpoints on both sides of x; let Vx = {v|v ∈ V, x ∈
i(v)}, Wx =Vx ∩NG(v1)∩NG(vk). The subgraph G(Vx) is a 3D-cocomparability-ﬁlament graph. Hence h(v3, vk−2)
is an induced path in the comparability mixed graph coG(Wx). If h(v1, vk) has no E11 edges, then every two intervals
i(vi), i(vj ), 1 i, jk, intersect and by the Helly property there is a point x in L contained in all of them. Hence h is
an induced hole in coG(Vx). Unfortunately, there is no known algorithm for ﬁnding an induced hole or path of a given
parity between two vertices in a comparability mixed graph.
When G is an interval-ﬁlament graph or a subtree-ﬁlament graph, coG(Vx) is a comparability graph [11]. Thus, a
hole h(v1, vk) of coG is either a hole of a comparability graph coG(Vx), or for some i, h(vi+2, vi−2) is an induced path
in a comparability graph coG(Wx). The holes of a comparability graph are all even. The algorithm to ﬁnd an induced
path of a given parity from a vertex v1 to any other vertex in a comparability graph H(V, F ) oriented as a transitive
graph, works as follows: the directions of the edges in an induced path of H(V, F ) are alternating, otherwise a chord
appears in the path. We label with path parity even every vertex v2 adjacent to v1 by an edge (v1, v2〉 or (v2, v1〉 and
insert a pointer from v2 to v1. We continue labeling the vertices not labeled with both parities. Assume that we found
an induced path p of a given parity from v1 to a vertex v and we have pointers from v along p to v1, to recover p. If the
last edge on p is (x, v〉, we label every w having (w, v〉 with the parity of |p| + 1. If the last edge on p is (v, x〉, we
label every w having (v,w〉 with the parity of |p| + 1. From v we backtrack on p to ﬁnd the vertex u closest to v1 and
adjacent to w. In the ﬁrst case, the edge between u and w is oriented (w, u〉, because (u,w〉 and (w, v〉 would imply
(u, v〉. Similarly, in the second case, the edgebetween u and w is oriented (u,w〉. Thus, the path q obtained by going
on p from v1 to u and then directly to w has the same parity as |p| + 1, since both end in backward edges or in forward
edges; we insert a pointer from w to u. The algorithm requires O(|V |4) time. This gives an O(|V |6) time algorithm to
ﬁnd antiholes of a given parity in interval-ﬁlament and subtree-ﬁlament graphs. Note that ﬁnding a maximum induced
path in a comparability (even a bipartite) graph is NP-hard.
8. Additional observations
In this section we describe a number of properties of 3D-interval-ﬁlament graphs, useful in constructing new
algorithms. We conclude with some open problems.
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1. Every maximum clique is contained in a 3D-cocomparability ﬁlament subgraph. Consider a maximum clique C of
G. For every two vertices u, v ∈ C the 3D-interval-ﬁlaments f (u), f (v) intersect, thus i(u)∩ i(v) = . By the Helly
property, there is a point x on L contained in all the intervals i(v), v ∈ C, such that every f (v), v ∈ C, has endpoints
on both sides of x. The subgraph G(Vx), Vx = {v|v ∈ V, x ∈ i(v)}, is a 3D-cocomparability ﬁlament graph (Section
5). Therefore, a maximum clique of G is contained in a 3D-cocomparability ﬁlament graph and could be found if a
polynomial time algorithm to ﬁnd a maximum clique in a 3D-cocomparability ﬁlament graph were known. As proved
in [11], when G is the intersection graph of a family FF of subtree-ﬁlaments based on a family of subtrees FI on a tree
T, for every point x ∈ T , the subgraph G(Vx), Vx = {v|v ∈ V, x ∈ t (v)}, is a cocomparability graph and a maximum
clique can be found in polynomial time.
2. Decompositions by 3D-cocomparability ﬁlament graphs. For every x ∈ L, the subgraph G(Vx), Vx = {v|v ∈
V, x ∈ i(v)}, is a 3D-cocomparability ﬁlament graph. The number of segments on L deﬁned by the consecutive
extreme endpoints of the 3D-interval-ﬁlaments is O(|V |). By taking a point x in every such segment, we obtain a
decomposition of G into 3D-cocomparability ﬁlament graphs. For subtree-ﬁlament graphs, this decomposition is by
cocomparability graphs.
3. Decompositions by star cut-sets. Let G(V,E) be the intersection graph of a family of 3D-interval-ﬁlaments
FF = {f (v)|v ∈ V }; every NG[v] is a star cut-set separating between the two vertex sets Xv = {u|a(u) ⊂ a(v) and
f (u)∩f (v)=} and Yv ={u|a(u)∩a(v)=, or a(v) ⊂ a(u) and f (u)∩f (v)=};Xv corresponds to the ﬁlaments
contained in s(v) and Yv corresponds to the ﬁlaments containing s(v) or disjoint from s(v). Therefore, an induced path
of G which contains a vertex in Xv cannot get out of s(v) without intersecting f (v).
Consider a star cut-set decompositionNG[v] ∪Xv ,NG[v] ∪Yv . By decomposing G using star cut-sets until no more
possible, we obtain a family of 3D-interval-ﬁlament subgraphs G(Z) with no star cut-sets. Let Z1 be the subset of Z
containing the vertices v for which there is a vertex uv ∈ Z satisfying a(uv) ⊂ a(v) and f (uv)∩ f (v)=; G(Z–Z1)
is an interval-ﬁlament graph. If Z1=, then G(Z) is an interval-ﬁlament graph. Assume that Z1 = . Z1 contains no
two vertices v,w having f (v)∩ f (w)=, and a(v) ⊂ a(w) or a(v)∩ a(w)=, since NG[v] would be a star cut-set
separating between uv and w. Therefore Z1 is a clique. In conclusion, every Z can be partitioned into two subsets Z1
and Z–Z1 such that G(Z–Z1) is an interval-ﬁlament graph and G(Z1) is a clique. If G is an interval-ﬁlament graph,
then G(Z–Z1) is an interval graph and G(Z1) is a clique. This observation can be generalized to the complements
of H-mixed graphs [14]. Unfortunately, a sequence of decompositions by star cut-sets until no more possible, may be
exponential.
4. Recursive deﬁnition of iD-interval-ﬁlament graphs. We can deﬁne recursively the iD-interval-ﬁlament graphs as
the complements of the co[(i − 1)D-interval-ﬁlament] mixed graphs. None of the families contains all the graphs, as
we can see from the following examples.
The bipartite graph G(V,E) composed of a hole h(v1, v8) and two vertices w1 adjacent to v1, v5 and w2 adja-
cent to v3, v7, is not an interval-ﬁlament graph: assume that G is an interval-ﬁlament graph, whose complement is
coG(V,E1, E2), where coG(V ,E1) is an interval graph. By Lemma 9, h contains a vertex v such that for every
u ∈ h − NG[v], it exists (u, v〉 ∈ E2. The subgraph G′ = G(V − NG[v]) is connected and ∪{a(u)|u ∈ V − NG[v]}
is an interval-ﬁlament properly contained in the region s(v) delimited by a(v) ∪ i(v). Hence, every u ∈ V − NG[v]
has (u, v〉 ∈ E2. Also, through every two non-adjacent vertices u, x of G′ and v there is a hole of G implying that
(u, x) ∈ E1. Thus coG′(V −NG[v]) has onlyE1 edges and must be an interval graph.When v=v1 this contradicts the
fact thatG′ has a hole. Assume that v= v2. In the hole h1= (w2, v3), (v3, v4), (v4, v5), (v5, v6), (v6, v7), (v7, w2), the
vertex z required by Lemma 9 to haveE2 incoming edges from h1−NG[z] is v3, otherwise we obtain the contradiction
(z, v2〉, (v2, z〉 ∈ E2. But when z = v3, we are in the same situation as v = v1. Therefore G is not an interval-ﬁlament
graph. Let us prove that G is a 3D-interval-ﬁlament graph. The graph G − {v1} is an interval-ﬁlament graph with
a representation FI, since it consists of a hole with three one-degree attached vertices. We let the interval-ﬁlament
a(v1)=∪{a(vi)|a(vi) ∈ FI}, apply algorithm ADJUST(FI∪ {a(v1)}), draw a(v1) in a plane PQ above PL and connect
its endpoints to its endpoints in L, to obtain a 3D-interval-ﬁlament f (v1). Finally, we add spikes to a(v2), a(v8) and
a(w1) to intersect them with f (v1). Note that this is equivalent to considering (w2, v1〉 and every (vj , v1〉 /∈E as edges
in E2. Therefore G is a 3D-interval-ﬁlament graph.
The bipartite graph H(V ) composed of two copies of the above graph Gi(hi(v1,i , v8,i )∪ {w1,i , w2,i}), i = 1, 2, and
four additional vertices z1, z3, z5, z7, every zj adjacent to vj,1 and vj,2, is not a 3D-interval-ﬁlament graph: assume that
H is a 3D-interval-ﬁlament graph whose complement is coH(V ,E1, E2), where coH(V ,E1) is an interval-ﬁlament
graph. The graph G1 is not an interval-ﬁlament graph, hence coG1 must contain an E2 edge (vj,1, vs,1〉 ∈ E2. By
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deletingNH [vs,1] fromHwe obtain a connected graph, hence every u ∈ V −NH [vs,1] has (u, vs,1〉 ∈ E2.Also, through
every two non-adjacent vertices vi,2, vj,2 of G2 and vs,1 there is a hole of H implying that (vi,2, vj,2) ∈ E1. Therefore
coG2 has only E1 edges and must be an interval-ﬁlament graph, contradicting the previous example. Therefore H is
not a 3D-interval-ﬁlament graph. Let us prove that H is a 4D-interval-ﬁlament graph. The graph H − {v1,1, v3,2} is
an interval-ﬁlament graph of a family FI since we represent G1 − {v1,1, v2,1, v8,1, w1,1} as a hole with w2,1 as vertex
required by Lemma 9, and represent G2 ∪ {z5, z7}− {v3,2} inside the area delimited by a(v6,1)∪ i(v6,1), to connect z5
to v5,1, v5,2 and z7 to v7,1, v7,2. Now, let a(v1,1)= ∪{a(vi)|a(vi) ∈ FI}, apply algorithm ADJUST(FI ∪ {a(v1,1)}) and
represent v1,1 by a 3D-interval-ﬁlamentf (v1,1), by drawinga(v1,1) in a planePQ abovePL and connecting its endpoints
to its endpoints in L. We deﬁne the 3D-interval-ﬁlament f (v3,2) as the union of all the above 3D-interval-ﬁlaments
and take all pairs of non-edges incident to v1,1 in H as containment (E2) edges. Therefore H is a 4D-interval-ﬁlament
graph, being the complement of a 3D-interval-ﬁlament mixed graph.
In a similar way, for i4, by taking i −1 copies ofG1 and connecting every two with z’s, we obtain bipartite graphs
which are not iD-interval-ﬁlament graphs; unfortunately it is not clear if they are (i + 1)D-interval-ﬁlament graphs
and better examples are needed.
5. Open problems. The new families of ﬁlament graphs present a number of open problems:
(a) Are there polynomial time algorithms for their recognition? Such algorithms are known for circle graphs and
circular–arc graphs, but not for polygon–circle graphs.
(b) Do they have polynomial time algorithms for additional problems which are NP-complete in general, but are
polynomial for circle graphs and circular–arc graphs?
(c)Are there additional problems having polynomial time algorithms for interval, chordal or any hereditary familyG
of graphs, whichmay be solvable for interval-ﬁlament graphs, 3D-interval-ﬁlament graphs or complements ofH-mixed
graphs?
(d) Are there polynomial time algorithms for additional problems on 3D-interval-ﬁlament graphs which are decom-
posable by 3D-permutation-ﬁlament graphs?
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